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Asymptotic Equivalence of Abstract Impulsive 
Differential Equations 
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The notion of (h, k)-dichotomy is introduced, which is a generalization of the 
classical exponential dichotomy. By means of the Schauder-Tychonoff theorem 
an asymptotic equivalence is proved between a linear impulsive differential 
equation which is (h, k)-dichotomous and the corresponding perturbed 
nonlinear equation. 

1. INTRODUCTION 

The beginning of the development of the theory of abstract impulsive 
differential equations was marked by the publication of a cycle of papers in 
the period 1987-1991 (Bainov et al., 1988a-c, 1989a-c, 1990a, b, 1991; 
Zabreiko et al., 1988). 

In the present paper the asymptotic equivalence between a linear impul- 
sive differential equation and its corresponding nonlinear perturbed equation is 
investigated. This work was influenced by the ideas of Naulin and Pinto (n.d.). 

2. STATEMENT OF THE PROBLEM 

Let X be an arbitrary Banach space with identity operator I. Denote by 
L(X) the space of all linear bounded operators acting in X. Consider the 
impulsive differential equations 

dy = A(t)y + F(t, y) (t :~ tn) (1) 
dt 

y(t  +) = (Q. + R.)y( t . )  (n = 1, 2, 3 . . . .  ) (2) 
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and 

dx 
- -  = A( t ) x  (t 4: t .)  (3) 
dt  

x( t  +) = Q,,x(t,)  (4) 

where t ~ R+ = [0, co) and x(t), y(t)  ~ X (t ~ R+). T h e  solutions x, y at t 
= t~ are assumed to be continuous from the left. 

We shall say that conditions (H) are satisfied if the following condi- 
tions hold: 

H 1. The sequence of points of impulse effect T = {q, t2 . . . .  } C (0, ~)  
satisfies the conditions 

t.  < t .+ l ,  l i m  tn = oo 
r ---~ CO 

H2. The operator-valued function A: R+\ {tn} ---> L ( X )  is continuously 
extendable from (t., t.+~) to It., t.+l] (n = 0, 1 . . . .  ; to > 0). 

H3. The function F: (R+\{t.}) • X ---> X is continuously extendable 
from (t., t.+0 • X to It., t.+~] • X (n = 0, 1 . . . .  ). 

H4. Q. E L(X) and there exist Q~-i ~ L(X). 
H5. R.: X ---> X are continuous operators. 

Let conditions (H) hold. By U(t)  (0 < t < oo) denote the evolutionary 
operator of the linear equation (3), (4) (e.g., Zabreiko et  al., 1988; Bainov 
et  al., 1989a,c), i.e., the function t ~ U(t)Xo is a solution of equation (3), 
(4) with initial condition x(0) = Xo (VXo ~ X). 

Def in i t ion  1. Let h, k: R+ --> (0, ~) be two functions such that h- i  and 
k -t  are continuously extendable from (t., t.+~) to [t., t.+~] and let P be a 
projector acting in X. The linear impulsive equation (3), (4) is said to be 
(h, k ) - d i c h o tomous  if there exists a constant K > 0 such that 

[IU(t)PU-I(s)I I  <-- K h ( t ) h - l ( s ) ,  0 <- s <- t (5) 

IIU(t)(l  - P ) U - ' ( s ) I I  <- Kh- I ( t ) k ( s ) ,  0 <- t <- s (6) 

h - l  = 1/h and k - l  = 1/k. 

R e m a r k  1. We note that for h(a-) = k(-r) = e -~" we obtain the exponential 
dichotomy of the impulsive equation (3), (4) (e.g., Bainov et  al., I989c, 
1991). If the functions h('r) and k('r) are differentiable, we obtain the (l~t, 
ix2)-dichotomy from Muldowney (1984). 

Let 0 --< to. By C(to) denote the set of all functionsfi [to, oo) ---> X which 
are continuous for t ~ [to, ~) \{t ,} ,  have discontinuities of the first kind at 



Asymptotic Equivalence of Abstract Impulsive Differential Equations 385 

t = t, --> to, and are continuous from the left. With respect to the family of 
seminorms (to < A < oo) 

PaCt) = sup IV(011 
tO<--t<_A 

the set C(to) is a locally convex, metrizable space. 

3. MAIN RESULTS 

By Br we shall denote the closed ball in X of center O and radius r. Set 

Dr = [ x ( ' )  �9 C(/0): h-l(t)x(t) �9 Br(t >-- to)} (7) 

Let x �9 C(to). Consider the operator 

I 
oo 

(Qy)(t) = x(t) + G(t, s)F(s, y(s)) ds 
o 

+ ~ G(t, tj)Hj(y(tj)) (t >-- to) (8) 
j :  I o ~ t j  

where 

f U(t)PU- l(s), 
G(t, s) = [ _  U(t)(l - P)U-I(s), 

O ~ s ~ t  
(9) 

O < . t < s  

is the Green's operator-valued function for the linear equation (3), (4) (Bainov 
et al., 1989a, 1991)and Hj = QfIRj .  

Lemma 1. Let the following conditions hold: 
1. Conditions (H) are met. 
2. The linear equation (3), (4) is (h, k)-dichotomous. 
3. There exist constants C, C~ -> 1 for which the following inequalities 

are valid: h(t)k(t)h-t(s)k-l(s) <- C, h(t)k(t) <-- Ci (0 <- s <- t < 0% 
4. liE(t, y)ll --- r(t, y)llyll, t -> 0, y E X, where 

i oo r(t, h(t)x) dt <- m(p, to) < oo sup  
o I lxl l~p 

5. IIHj(x)ll ~ mjllxll (j  = 1, 2 . . . .  ), where ET=l mj <- M. 
6. For some ~r and p the inequality cr + KpCm(p, to) + KpCM -< p is valid. 
7. The sets F([to, ~) X Bp) and UT=l Hj(B o) are relatively compact in X. 
Then for each x E D,, the operator Q has a fixed point in Dp. 
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Proof. In order to prove Lemma 1, we shall show that: 
(i) Q: Dp --~ Dp. 
(ii) Q is a continuous operator. 
(iii) QDp is a relatively compact set. 

(i) Let y(.  ) ~ D O be an arbitrary element. Then for 

h-  l(t)(Qy)(t) 

= h-l(t)x(t) + h-I(t)G(t, s)F(s, y(s)) ds 
0 

+ ~ h-~(t)G(t, tj)I-Ij(y(tj)) (10) 
j: to<-tj 

from relations (9), (5), (6) we deduce the estimate 

IIh-'(t)(ay)(t)ll 
[, <_ IIh-~(t)x(t)ll + K h-l(t)h(t)h-l(s)h(s)r(s, y(s))h-J(s)lly(s)ll ds 

0 

+ K h-l(t)k-l(t)k(s)h(s)r(s, y(s))h-~(s)lly(s)ll ds 

+ K ~,  h-'(t)h(t)h-'(tj)h(tj)h-'(tj)mjlly(tj)tl 
j: t j<t  

+ K ~ h-m(t)k-~(t)k(tj)h(tj)h-~(tj)mjlly(tj)]] (11) 
j: t~ t j  

and, consequently, 

[I h-  ' ( t)(ay)( t) ll 

<- cr + KO r(s, y(s)) ds + KpC r(s, y(s)) ds 
0 

+ Kp E mj + KoC E mj 
q<-I t<- 9" 

<-- ~ + KpC r(s, y(s)) ds + KpC mj 
0 j = l  

~ o" + KpCm(p, to) + KpCM 

Assertion (i) follows from condition 6 of Lemma 1. 
(ii) Let { Yn} C Dp be an arbitrary sequence tending to Yo e Dp, i.e., for 

each l > to we have 
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lim sup IlY~(t) - yo(t) ll = o 
n--*~ rE[to, l] 

Let �9 > 0 be an arbitrarily chosen positive number. Choose the number l0 
l so that 

I | �9 (z e Bp) (12) KpC r(s, z) ds < 
0 

and 

mj < ~----~- (13) 
to<q 4KpC 

For h-l(t)llQyo(t) - Qyn(t)l[ (to <-- t <- l) we obtain the estimate 

h-~(t) ll ayo(t) - ay.(t)II 

I' <-- K h - l( t )h(t)h-  l(s)II f ( s ,  No(S)) - f ( s ,  y.(s)) II as 
0 

+ K h-l(t)k-~(t)k(s)llF(s,  yo(s)) - F(s, y.(s))ll ds 
J 

+ K ~ h-t( t)h(t)h- '( t j) l lHj(yo(t j))  - Hj(y.(tj))ll 
t j<t 

+ K ~ h-  t(t)k- l(t)k(tj) II Hj (yo(tj)) - Hj (y.(tj))II 
t<--tj 

[, <-- K h-~(s)llF(s, yo(s)) - F(s, y.(s))ll ds 
0 

+ K I t~ 
0 

+ K h-I(t)k-I(t)k(s)l lF(s,  yo(s)) - F(s, y.(s))ll ds 
0 

+ K ~ h-~(tj)lln/yo(t~)) - nj(y.(tj))ll 
t j<t 

+ K ~ h-t(t)k-~(t)k(t~)llHj(Yo(tj)) - ~(y.(t~))ll 
tO<--tj<--Io 

+ K ~ h-'(t)k-'(t)k(tj)llHj(yo(tj)) - nj(y.(tj))ll (14) 
Io<tj 

h-  I(t)k- l(t)k(s) II F(s, yo(s)) - F(s, y.(s))II ds 
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The first two integrals and the first two sums on the right-hand side of the 
last inequality tend to zero as n ~ oo uniformly with respect to t e [to,/]. 
The value of  the third integral does not exceed 

i 
oo 

K h-~(t)k-t( t)k(s)l lF(s,  y0(s))l[ ds 
0 

+ K h-~(t)k-l( t)k(s)l lF(s,  Y.(S))]l ds 
0 

i i <-- KpC r(s, yo(s)) ds + KpC r(s, y,,(s)) ds < ~ 
0 0 

For the third sum we obtain the estimate 

K ~ h-~(t)k-~(t)k(tj)llHj(Yo(tj))[[ 
to<tj 

+ K ~ h-~(t)k-~(t)k(tj)llH~(y.(tj))ll 
1o<9 

~- KCp ~ mj + KCp ~ m j <  ~ 
Io<tj to<tj 

Thus assertion (ii) is proved. 
(iii) It suffices to prove the equicontinuity of  the functions of  Mp = 

QDp (QDp C Dp) on each interval (t., t.+l) C (to, oo) (for the first one instead 
of t. we must take to). Let s, t ~ (t., t.+~) and let s -< t <- s + ~. We shall 
prove that for sufficiently small values of  ~ > 0 the following inequality 
is valid: 

II(ay)(t) - (ay)(s)ll < ~ (y E Dp) (15) 

From (8) for (Qy)(t) - (Qy)(s) we obtain the representation 

(Qy)(t) - (Qy)(s) I' = x(t) - x(s) + U( t )PU-I (u)F(u ,  y(u)) du 
0 

- U(t)(I - P)U-1(u)F(u,  y(u)) du 

- U(s)PU-I(u)F(u ,  y(u)) du + U(s)(l  - P )U- l (u )F(u ,  y(u)) du 
0 s 
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+ ~ U( t )PU- ' ( t j )H j (y ( t j ) ) -  ~ U ( t ) ( I -  P)U-~(tj)Hj(y(tj)) 
to<--tj<t t<--tj 

- ~ U(s)PU-t(tj)Hj(y(ty)) 
tO<--tj<s 

+ ~ U(s)(l  - P)U-t(tj)Hj(y(tj)) 
s<-tj 

= x(t) - x(s) + (U(t) - U(s) )PU-t (u)F(u ,  y(u)) du 
0 

- (U(t) - U(s))(I - P)U-I (u )F(u ,  y(u)) du 
$ 

+ U(t )PU-I (u)F(u ,  y(u)) du 

+ U(t)(l  - P )U- l (u )F(u ,  y(u)) du 

+ ~ ( U ( t ) -  U(s))PU-l(ty)Hj(y(tj)) 
tO<tj<s 

- ~ (U(t) - U(s))(I - P)U-l(tj)Hj(y(tj))  
s<_ 9 

I s = x(t) - x(s) + (U(t )U-I(s)  - I )U(s )PU-I (u)F(u ,  y(u))  du 
0 

- (U( t )U- l ( s )  - l )U(s)( l  - P )U- t (u )F(u ,  y(u)) du 

I' + U(t)U-I(u)F(u,  y(u)) du 
$ 

+ ~. (u(t)u-~(s)-l)U(slPU-~(tj)H~y(tj)) 
tO<--tj<s 

- ~ (U( t )U- ' ( s )  - l )U(s)(I  - P)U-'(t j)Hj(y(tj))  
,<-,j (16)  

C h o o s e  ~i so  s m a l l  tha t  I Ix( t )  - x ( s ) l l  < d 6  and  I I I  - u(t)u-~(s)ll < m i n { a ,  
b, c, d},  w h e r e  

1 a = - 
6 Kph(s)m(p, to) 

~s) 
b -  

6 KpCtm(p,  to) 
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�9 1 
C - -  

6 KpCh(s)M 

�9 k(s)  
d -  

6 KpCI M 

Then 

ii Qy(t) -- Qy(s) ll 

, I < -~ + aK h(s)h-~(u)h(u)r(u, y(u))lly(u)llh-~(u) du 
o 

+ bK k-n(s)k(u)h(u)r(u, y(u))lly(u)llh-~(u) du 
S 

f, + IIg(t)g-~(u)l lr(u,y(u))l ly(u)l ldu 
$ 

+ cK Y~ h(s)h-~(tj)mjlly(tj)[I 
tO<-r)<s 

+ dK ~ k-'(s)k(tj)m/l[y(tj)}l 
s<-tj 

Choose 8 so small that the following inequality should hold, too: 

~s �9 
p IIU(t)U-l(u)l]h(u)r( u, y(u)) du < -6 

Then 

II Qy(O - Qy(s) U 

< -~ + aKph(s) r(u, y(u)) du + bKpk-n(s) 
o 

• k(u)h(u)r(u, y(u)) du + -~ + cKph(s) 

+ dKpk-L(s) ~ k(ty)h(tj)mj 
s<-tj 

my 
t0-<~<s 

< -~ ~- aKoh(s)m(p, to) + bKpk-I(s)Clm(p, to) 
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+ cKph(s )M + dKpk - I ( s )C~M = +-g 

From condition 7 of Lemma 1 there follows the compactness in X of the sets 

H, = {(Qz)(t): z ~ DO} (t -> to) �9 

Remark  1. For dim X < = the assertion of Lemma 1 is still valid without 
condition 7. 

Theorem 1. Let the conditions of Lemma 1 hold, where the function x 
is a solution of the linear impulsive equation (3), (4). 

Then the fixed point y(.  ) of the operator Q is a solution of the nonlinear 
equation (1), (2). 

Proo f  Taking into account that x is a solution of (3), (4) and the equality 

Wl(t, t) + W2(t, t) = I 

where Wl(t, s) = U( t )PU-I ( s )  and W2(t, s) = U(t)( l  - P )U- l ( s ) ,  for t 
{ t, } we obtain 

y'( t)  = (Qy) ' ( t )  

= x '( t )  + Wt(t, t)F(t, y(t)) 

I' + A(t)  Wt(t, s)F(s, y(s)) ds + W2(t, t)F(t, y(t)) 
0 

- A(O W2(t, s)f(s, y(s)) ds + A(t) ~, WI(t, tj)n~(y(t~)) 
tO~-tj<t 

- A(t) ~ W2(t, tj)H~(y(tj)) 
t<t j<o o 

= A(t)y(t)  + F(t, y(t)) 

Let t = tn. Then 

y(t+, ) = (Qy).(t+~ ) 

= Q ~ ( t . )  + I t" 
0 

_[~ 
n 

Q.wl ( t . ,  s)F(s, y(s))  ds 

Q.W2(t., s)F(s, y(s)) ds + 
tO<--tj<--tn 

Q.W~(t., t~)Hj(y(tj)) 
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oo 

- ~ Q.W2(t., tj)Hj(y(tj)) 
j=n+l 

= Q.[y(t.) + W,(G. t.)H.(y(t.)) 

+ Wz(t., t .)H.(y(t. ))] 

= Q.y(t.) + Q.H.(y(t.)) 

= Q.y(t .)  + R.(y(G)) �9 

Theorem 2. Let the conditions of Lemma 1 hold. 
Then for any solution y ~ D,, of  the nonlinear impulsive equation (1), 

(2) there exists a solution x E Dp of (3), (4). 

Proof. Consider the function 

I' x(t) = y(t) - U(t)PU-I(s)F(s,  y(s)) ds 
0 

+ U(t)(l - P)U-1(s)F(s,  y(s)) ds 

- ~. U(tlPU-~(tj)n~y(tj)) 
t0<t/<t 

+ ~, U ( t ) ( I -  P)U-t(tj)nj{y(tj)) (17) 
t<-tj 

It is not hard to check that the function x(t) is correctly defined and satisfies 
equation (3), (4). �9 

Theorem 3. Let the following conditions hold: 
1. The conditions of Lemma 1 are met. 
2. The following condition holds: 

i t h(t)h-l(s)  r(s, h(s)) ds sup  
0 Ilxll-<P 

+ k-l(s)k(t) sup r(s, h(s)) ds 
Ilxll<-o 

+ ~ h(t)h-l(tj)mj + ~ k-I(tj)k(t)mj --) 0 (t ----) oo) 
tj<t t<--tj 

3. KC lim~0._,| SUpp>o m(p, to) + KCM < 1. 
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Then equations (1), (2) and (3), (4) are asymptotically equivalent, i.e., 
for any bounded solution y(. ) of (1), (2) there exists a bounded solution x(. ) 
of (3), (4) and, conversely, for any bounded solution x(. ) of (3), (4) there 
exists a bounded solution y(-)  of (1), (2) such that 

lim ( x ( t )  - y ( t ) )  = 0 
t ~  
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